A semi strong outer mod sum labeling of a graph G is an injective mapping f : V (G) → Z + with an additional property that for each vertex v of G, there exist vertices
Introduction
All the graphs considered here are non trivial, undirected, finite, connected and simple. We use the standard terminology, the terms not defined here may be found in [2] and [3] A sum labeling λ of a graph is a mapping of the vertices of G into distinct positive integers such that for u, v ∈ V (G), uv ∈ E(G) if and only if λ(u) + λ(v) = λ(w) for some vertex w of G. A graph which admits a sum labeling is called a sum graph. Sum graph were originally proposed by F. Harary [8] and later he extended to include all integers in [9] . Similarly, Bolan, Laskar, Turner and Domke [1] introduced a mod sum labeling of a graph in which the sum λ(u) + λ(v) is taken under addition modulo m for some positive integer m.
An outer sum labeling f of a non-trivial graph is a mapping of the vertices of G into distinct positive integers such that for each vertex v ∈ V (G), there exists a vertex w ∈ V (G) with f (w) = u∈N (v) f (u), where N(v) = {x : vx ∈ E(G)}. A graph G which admits an outer sum labeling is called an outer sum graph. If G is not an outer sum graph, then by adding certain number of isolated vertices to G, we can make the resultant graph an outer sum graph. The minimum of such isolated vertices required for a graph G, to make the resultant graph an outer sum graph, is called the outer sum number of G and is denoted by on(G). Outer sum graph were originally proposed by B. Sooryanarayana, Manjula K and Vishu Kumar M [14] . Further Jayalakshmi M, B. Sooryanarayana, P Devadas Rao [10] introduced a outer mod sum labeling of a graph. An outer mod sum labeling of a graph G is an injective mapping f : V (G) → Z + with an additional property that for each vertex v of G, there is a vertex w in G such that f (w) = u∈N (v) f (u), where the sum is taken under addition modulo m for some fixed positive integer m. The vertex w is then called a working vertex for v and in particular if u∈N (v) f (u) = f (v), then vertex v is called a self working vertex. A graph G which admits an outer mod sum labeling is called an outer mod sum graph (OMSG). For the entire survey on sum labeling and mod sum labeling we refer the latest survey article by Joseph A. Gallian [6] .
The purpose of this paper is to introduce the special types of outer mod sum graphs and their properties.
Strong and Semi Strong Outer Mod Sum Graphs
A semi-strong outer mod sum labeling (SSOMSL) f of a graph G is an outer mod sum labeling of G with an additional property that every vertex of G is a working vertex of some vertex of G. Further a semi strong outer mod sum labeling f of a graph G, under which every vertex of G is a self working vertex is called a strong outer mod sum labeling (SOMSL). A graph G which admits a semi-strong outer mod sum labeling is called a semi-strong outer mod sum graph (SSOMSG). Similarly, a strong outer mod sum graph (SOMSG) is defined. For notational convenience, the sum,
and call it as f -neighborhood sum of the vertex v and that of under modulo m is denoted by N fm (v) and call it as f -neighborhood sum of the vertex v under modulo m.
Example 1 Consider the labeling f : the working vertex of v 2 . So P 5 is a semi-strong outer mod sum graph. Example 2 Consider the labeling f : Under addition modulo 10,
. Therefore, v i is a self working vertex for each i, 1 ≤ i ≤ 6 and hence C 6 is a strong outer mod sum graph. By the definition it follows that every SOMSL is SSOMSL and every SSOMSL is OMSL. Thus we conclude; Lemma 2.1. Every strong outer mod sum graph is a semi strong outer mod sum graph.
The converse of the lemma 2.1 need not be true in general. As a counter example we see that from example 1, the path P 5 is semi strong outer mod sum graph. But path P 5 is not strong outer mod sum graph. Because, the working vertex of v 1 ∈ P 5 is always v 2 with respect to any labeling f .
Lemma 2.2. Every semi strong outer mod sum graph is an outer mod sum graph.
The converse of the lemma 2.2 need not be true in general. As a counter example the path P 3 is an outer mod sum graph. But the path P 3 is not semi strong outer mod sum graph. Because
In figure 3 , v 2 is the working vertex of both v 1 and v 3 . Therefore at the most either v 1 or v 3 will be the working vertex of v 2 . So that the vertex v 1 or v 3 will not be the working vertex of any of the vertices of P 3 , under any labeling f and any addition modulo m. Hence P 3 is not a semi strong outer mod sum graph.
Figure 3: An example for a graph which is not a SSOMSG.
Lemma 2.3. A graph G is a semi strong outer mod sum graph if and only if each vertex of G (i) has a unique working vertex in G and (ii) is the working vertex of exactly one of the vertex of G.
Proof. Let G be a semi-strong outer mod sum graph with n vertices 
Proof. Let G be a r-regular graph having the vertices v 1 , v 2 , v 3 , . . ., v n and let f be any SSOMSL of G under modulo m. Then each vertex v i of G is the working vertex of exactly one of the vertices of G. Also deg v i = r which means that each vertex v i has r neighborhoods and hence f (v i ) contribute for f -neighborhood sum of exactly r vertices. Therefore,
Since the cycle C n , (n ≥ 3) is a 2-regular graph, it follows immediately, as a consequence of the above Theorem 2.6, that:
SSOMSL of a Path
Throughout this section, v 1 , v 2 , . . . , v n denote the vertices of the path P n such that v i is adjacent to v j if and only if |i − j| = 1 for each i, j, 1 ≤ i, j ≤ n. 
The function f defined above is clearly injective. We now show that it is a SSOMSL of P n . In fact, 
⇒ the working vertex of v n−3 is v n and v n−3 is the working vertex of v n−5 .
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Theorem 3.3.
For any integer k ≥ 1, the path P 2k is a SSOMSG under modulo 2k + 1. Proof. Let n = 2k. Now, the proof when k = 1 follows from the Figure 4 as v 2 is the working vertex of v 1 and vice versa. Figure 5 : An SSOMS-labeling of even path.
working vertex of v 1 is v 2 and the working vertex of v n is v n−1 . Also for all 
have the common working vertex).
In every path P n and any injective labeling f : V (G) → Z + , working vertex of v 1 is always v 2 and working vertex of v n is always v n−1 . So, v 1 and v n can not be the self working vertices under any modulo m. Thus; Theorem 3.5. For n = 2 and any integer n ≥ 4, the path P n is a SSOMSG and is not a SOMSG.
SOMSL and SSOMSL of a Cycle
Let v 1 , v 2 , . . . , v n be the vertices of the cycle C n with v i adjacent to v i+1 for all i, 1 ≤ i ≤ n − 1 and v n adjacent to v 1 . Proof. In view of Figure 2 , it suffices to show that the cycle C n is not a SOMSG whenever n = 6. We first consider the case n ≥ 7. If possible suppose that
+ with m > n and for all i, 1 ≤ i ≤ n. Without loss of generality we assume that f (v 1 ) = l < f(v 3 ) = k, Clearly l, k < m
In this case,
•
Thus in either of the cases, f (v 7 ) = l = f (v 1 ) and hence v 7 = v 1 (since f is injective), a contradiction. We now consider the small cases where n ≤ 5. When n = 3, it is shown in [10] that the cycle C 3 is not an outer mod sum graph and hence, by Lemma 2.1 and Lemma 2.2, C 3 is not a SSOMSG and hence not a SOMSG. When n = 4, it follows by Theorem 2.5 that the graph C 4 is not a SSOSMG. 
